Abstract. Let E be an elliptic curve defined over Q of conductor N, let M be the Manin constant of E, and C be the product of local Tamagawa numbers of E at prime divisors of N. Let K be an imaginary quadratic field in which each prime divisor of N splits, P K be the Heegner point in E(K), and X(E/K) be the Tate-Shafarevich group of E over K. In [10], Gross and Zagier conjectured that if P K has infinite order in E(K), then the integer C · M · |X(E/K)| 1 2 is divisible by |E(Q) tors |. In this paper, we show that this conjecture is true except for two explicit families of curves: one family consists of curves of conductor pq, for distinct odd primes p and q having rational torsion subgroup Z/4Z, and another one consists of curves of conductor 4p for an odd prime p such that E(Q) tors ≃ Z/2Z. For these two exceptional cases, the conjecture of Gross-Zagier is also true up to a conjecture of Stein and Watkins concerning differences of optimal curves in isogeny classes of elliptic curves.
Introduction
The goal of this paper is to prove a conjecture made by Gross and Zagier in [10] concerning certain divisibility among arithmetic invariants of elliptic curves. This gives a theoretical evidence to the "strong form" of Birch and Swinnerton-Dyer conjecture, predicting that the leading coefficient of the Hasse-Weil L-function of an elliptic curve encodes some precise arithmetic invariants of the curve.
In [10] , Gross and Zagier gave a formula for the first derivative at s = 1 of L-series of certain modular forms. In particular, they transferred the formula to the realm of L-functions of elliptic curves. So let E be an elliptic curve defined over Q with conductor N. For a negative square-free integer d, we consider the quadratic twist E d of E which is in general not isomorphic to E over Q but becomes isomorphic over the imaginary quadratic field K = Q( √ d). We denote the discriminant of K over Q by disc(K) which is equal to d when d ≡ 1 (mod 4) and to 4d otherwise. We also assume a close relation between E and K in such a way that each prime number dividing N splits completely in K. This is called the Heegner condition or Heegner hypothesis in the literature, which we assume throughout this paper. The corresponding L-functions are also strongly related: we have L(E/K, s) = L(E/Q, s) · L(E d /Q, s). By computing root numbers, the Heegner condition forces that L(E/K, 1) = 0. Throughout this paper, we use the following notations.
• N is the conductor of E.
• ω is the Néron differential of E over Q and ω 2 := E(C) |ω ∧ω| is the complex period.
• P K ∈ E(K) is the Heegner point over K.
•ĥ is the Néron-Tate height attached to E.
• M the Manin constant of E, i.e., if f is the newform attached to E and X 0 (N) → E is the modular parametrisation of minimal degree, then M is the ratio of the pullback of the differential ω and the usual modular differential 2πi f (τ)dτ, where τ ∈ H. A famous conjecture of Y. Manin is that M = 1 for all strong Weil curves E. For more detail, see §5. For general discussions on the constant and current status about the conjecture, see [1] .
• 2u K is the number of roots of unity contained in the field K. u K = 1 for all imaginary quadratic fields K except when K = Q( √ −1) and K = Q( √ −3), in these cases we have u K = 2 and u K = 3 respectively.
• C is the Tamagawa number of E over Q which is defined by the product C = ∏ p|N C p of all local Tamagawa numbers. For each prime p, local Tamagawa C p is the order of the group of components of C p , where C is a minimal proper regular model of E over Z p , and C p is its special fibre at the prime p. Now the main theorem of Gross and Zagier ( [10] , Theorem I.6.3) has the following consequence.
Theorem 1 ([10] , Theorem V.2.1).
(1)
Now the Birch and Swinnerton-Dyer conjecture comes into the picture. We assume here and thereafter that the Heegner point P K has infinite order, so that L ′ (E/K, 1) = 0. For more details for the following conjecture, we refer [23], appendix C. 16 .
Conjecture 2 (Birch and Swinnerton-Dyer). If ord s=1 L(E/
, s) = 1, then the Tate-Shafarevich group X(E/K) of E over K is finite, and
Remark. In the literature, the factor C 2 in the right hand side of the equation (2) is replaced by the Tamagawa number of E over the extension K. However, by the Heegner hypothesis, any prime p dividing N splits in K like p = pp, and thus the number is equal to the square C 2 of the Tamagawa number of E over Q.
Equating the above two formulae (1) and (2) , and noting that the order of the rational torsion subgroup E(Q) tors clearly divides the index [E(K) : ZP K ], Gross and Zagier obtained the following conjecture.
From now on, E always denotes an elliptic curve defined over Q having torsion subgroup isomorphic to one of the above 6 groups, and K is always an imaginary quadratic field such that rank E(K) = 1 and that K satisfies the Heegner hypothesis.
Let us briefly explain how to prove the Main Theorem. Basically we do by case-by-case study. We divide the proof into two parts. The first part ( §2, §3, §4, §5, §6, and §7) is the case that E(Q) tors has no 3-torsion. When E(Q) tors contains full 2-torsion subgroup E [2] , i.e., when E(Q) tors ≃ Z/2Z ⊕ Z/2Z, or Z/2Z ⊕ Z/4Z, the situations are a lot easier than the other cases, and we can prove the Main Theorem by computing Tamagawa numbers using Tate's algorithm ( §2 and §3). For the other cases, i.e., when E(Q) tors ≃ Z/2Z or Z/4Z , there are curves having Tamagawa numbers not divisible by |E(Q) tors |, so we need to compute the size of the 2-torsion part of Tate-Shafarevich groups over K using Kramer's formula. In §4 we introduce Kramer's formula, and in the later sections( §6 and §7) we use the formula to measure the lower bound of the size of X(E/K) [2] .
The second part ( §8 and §9) is devoted to the case in which E(Q) tors has a rational torsion point of order 3. When E(Q) tors ≃ Z/2Z ⊕ Z/6Z, we can prove the Main Theorem by computing only Tamagawa numbers ( §8). But when E(Q) tors ≃ Z/3Z, there are also curves having Tamagawa numbers not divisible by |E(Q) tors |, so we need to compute the lower bound of the size of the 3-torsion part of Tate-Shafarevich groups over K using Cassels' formula or need to compute the Manin constants using the phenomenon that optimal curves differ by a 3-isogeny ( §9).
All expicit computations in this paper were done using Sage Mathematics Software [26] . When we do computations with Weierstrass equations, we frequently change the variables of an equation to obtain another. In particular, when we use the term "make a change of variables via [u, r, s, t] ", it should be understood to take the change of variables formula given by x = u 2 x ′ + r and y = u 3 y ′ + u 2 sx ′ + t.
For the details, we refer [23], §III.1. For any integer n, we put
• ν(n) to be the number of prime divisors of n, and • ν ′ (n) to be the number of odd prime divisors of n.
Proof for the case E(Q) tors ≃ Z/2Z ⊕ Z/4Z
In this section, we prove the Main Theorem for the cases when E(Q) tors is isomorphic to Z/2Z ⊕ Z/4Z. From [15] 2 , with α, β ∈ Z, (α, β) = 1, α, β > 0, and α/β = 1/4. The discriminant of the equation is ∆ = λ 4 (1 + 16λ) = 0. For convenience, write γ = 16α 2 − β 2 . Now the following proposition can be shown by Tate's algorithm (see [22] , §IV.9).
Theorem 5. Suppose that E(Q)
tors
Proposition 6. Suppose that there is a prime p such that m := ord p (λ) > 0. Then the reduction of E/Q modulo p is (split) multiplicative of type I 4m . Consequently the Tamagawa number of E is divisible by 4.
With this proposition at hand, if p is an odd prime dividing γ then p ∤ β and hence the Tamagawa number of E at p is divisible by 4. Thus we may assume ν ′ (γ) ≤ 1.
Suppose that there is a prime p such that m := ord p λ < 0. We follow [16] , proof of Proposition 2.4, to find 'more reduced' Weierstrass models for E at p. Let the same letter p denote the uniformiser in the local ring Z p , and write λ = up −m , for some u ∈ Z × p . Consider Weierstrass models if |m| = 2z: y 2 Proof. Since λ = γ/16β 2 , if ord p λ < 0 then the exponent m is always even. The equation (4) has c 4 invariant of order ord p c 4 = 0, whence minimal. For the reduction type, use Tate's algorithm.
Suppose now that β = 2 n β ′ , with n ≥ 0 and β ′ odd.
Proposition 8 (n = 0). Suppose that n = 0, i.e., β is odd, so γ is also odd and gcd(γ, 16β 2 ) = 1. Then ν ′ (γ) ≥ 1. Moreover, if β = 1, then ν ′ (γ) ≥ 2. Consequently C is divisible by 8 = |E(Q) tors |.
Proof. Suppose not. As γ is odd, we then have γ = 16α 2 − β 2 = ±1. By looking at this equation modulo 4, we must have γ = −1. Since 4α + β = 4α − β = ±1 and they have different signs, we must have α = 0, a contradiction. For the second statement, assume β = 1. In this case, we get λ = (16α 2 − 1)/16. If there is only one odd prime p dividing 16α 2 − 1, then we must have 4α − 1 = 1, a contradiction (α ∈ Z >0 ).
Proposition 9 (n = 1). Suppose that n = 1. Then there is at least one odd prime dividing the numerator of λ. Moreover, if β = 2, then there are at least two odd primes dividing the numerator of λ, except for '48a3'. But in any case including the exceptional one '48a3', the order 8 = |E(Q) tors | divides C.
, and the last expression is in the lowest terms. If there were no odd prime dividing the numerator of λ, we would have 4α 2 − β ′2 = ±1, whence α = 0, a contradiction. If moreover β = 2 (equivalently β ′ = 1), and if there were only one prime dividing the numerator of λ, then either one of the relations 2α − 1 = 1 or 2α + 1 = −1 would hold. Thus we must have α = 1. In this case we get the curve '48a3', having C 2 = C 3 = 4.
Proposition 10 (n = 2). Suppose that β = 4β ′ where β ′ > 0 is odd. 
if there were no prime dividing the numerator, we would have either one of the following:
We can see that the case α 2 − β ′2 = ±4 cannot occur because modulo 8, the left hand side is congruent to 0 (mod 8) . Recall that both α and β ′ are odd.
• Suppose α 2 − β ′2 = 8. The only solution to this equation is (α, β ′ ) = (3, 1). This corresponds to λ = 1/2 and the curve '24a1', having C 2 = 4 and C 3 = 2.
• Suppose α 2 − β ′2 = −8. The only solution to this equation is (α, β ′ ) = (1, 3) . This corresponds to λ = −1/18 and the curve '24a1' again.
• Suppose α 2 − β ′2 = 16. The only solution to this equation is (α, β ′ ) = (5, 3) . This corresponds to λ = 1/9 and the curve '15a3', having C 3 = 2 and C 5 = 2. This is the exceptional case, but we also have M = 2 in this case, so the validity of Gross-Zagier conjecture stays unharmed.
• Suppose α 2 − β ′2 = −16. The only solution to this equation is (α, β ′ ) = (3, 5) . This corresponds to λ = −1/25 and the curve '15a3' again. (b) Suppose that there is no odd prime dividing the denominator of λ. This means that β ′ = 1, i.e., β = 4, and λ = (α 2 − 1)/16. By (a), we know there is at least one prime p dividing the numerator of λ. We assume here that p is the only such prime. Moreover we can and do assume p > 2, since the only possible way to have α 2 − 1 being a power of 2 is to put α = 3, and this corresponds to '24a1'. Note that as α is odd, ord 2 (α 2 − 1) ≥ 3.
• Suppose that ord 2 (α 2 − 1) = 3, i.e., α 2 − 1 = 8p m . Factoring the left hand side of the equation, we can readily see that the only possible solution to this equation is α = 5, p = 3, and m = 1. The corresponding curve is '120a2', having C 2 = C 3 = 4 and C 5 = 2.
• Suppose that ord 2 (α 2 − 1) = 4, i.e., α 2 − 1 = 16p m . As above, we can see that the solutions to the equation are (α, p, m) = (7, 3, 1) and (9, 5, 1). The solution (7, 3, 1) corresponds to '21a1' having C 3 = 4 and C 7 = 2, while (9, 5, 1) does to '15a1' having C 3 = 2 and C 5 = 4.
• If ord 2 (α 2 − 1) ≥ 5, then ord 2 λ > 0 as well as ord p λ > 0. So there always are more than two prime divisors in the numerator of λ. The proof of (c) is dissolved in the above proofs. The concluding statements follows trivially. 
there is no odd prime dividing the numerator, then we must have α 2 − 2 2n−4 β ′2 = ±1. By factoring the equation, we have the unique solution α = 1 and β ′ = 0, which is absurd. (b), (c). Now suppose there is no odd prime dividing the denominator of λ, i.e., β = 2 n .
• Suppose n = 3, i.e., β = 8. In this case λ = (α 2 − 4)/64. If there is only one prime p (necessarily odd) dividing α 2 − 4, then by factoring, we must have either α = 1 or α = 3. We cannot have α = 1 because this corresponds to a singular curve (λ = −1/16). The case α = 3 corresponds to the curve '240a3', having C 2 = C 5 = 4 and C 3 = 2.
• Suppose n = 4, i.e., β = 16 (6) is minimal at the prime 2, then the curve has additive reduction modulo 2 (ord 2 (c 4 ) > 0). Tate's algorithm says that E has reduction of type I * k for some k, with Tamagawa number 2 or 4. Suppose that the equation (6) is not minimal modulo 2. Then we can transform (6) into a minimal model modulo 2, which has discriminant of order 2n + 4 − 12 = 2n − 8 at 2 and c 4 of order 0. Since the order of the minimal discriminant is even and > 0, and since E has multiplicative reduction (ord 2 c 4 = 0), we have even C 2 by Tate's algorithm.
Proof for the case E(Q) tors ≃ Z/2Z ⊕ Z/2Z
In this section, we prove the Main Theorem for the cases when E(Q) tors is isomorphic to Z/2Z ⊕ Z/2Z.
Theorem 12.
Suppose that E(Q) tors is isomorphic to Z/2Z ⊕ Z/2Z. Then the order 4 = |E(Q) tors | divides the Tamagawa number C of E, except for two curves '17a2' and '32a2', in both cases we have C = M = 2.
Following [15] , we can take a Weierstrass model of the form
where a, b ∈ Z with a = b = 0 = a. Originally in [15] , a and b may vary in Q, but we can easily make a change of variables to transform the equation into another with the same shape except a, b ∈ Z. Note that a and b is in general not relatively prime. The discriminant of the equation (7) Proof. Determination of the reduction types in the following proof is done by Tate's algorithm.
(a) When a is odd, E has reduction of type I ord p ∆ = I 2 ord p (a) modulo p. In particular, the Tamagawa number at p is even.
(b) Suppose that 2 | a and 2 ∤ bc. We do a case-by-case study as follows. Suppose first that m = 1, then E has reduction of type III with Tamagawa number 2 modulo p = 2. Suppose that m = 2.
• When b ≡ 1 (mod 4), then E has reduction of type I * n modulo 2. In this case the Tamagawa number is 2 or 4.
• When b ≡ 3 (mod 4) , then E has reduction of type I * 0 modulo 2. In this case the Tamagawa number is 2. Suppose that m = 3.
• When b ≡ 1 (mod 4) , then E has reduction of type III * with Tamagawa number 2 modulo 2.
• When b ≡ 3 (mod 4) , then E has reduction of type I * n modulo 2. In this case the Tamagawa number is 2 or 4. Suppose that m ≥ 4. When b ≡ 3 (mod 4) , then E has reduction of type I * n modulo 2. In this case the Tamagawa number is 2 or 4, so we assume that b ≡ 1 (mod 4) together with the assumption m ≥ 4. In that case, the original Weierstrass equation (7) Note that by the symmetry of the equation (7), if p is a prime dividing b such that p ∤ ac, then E has reduction type and Tamagawa number exactly same as in the above proposition. Now let us consider primes p such that p | c and p ∤ ab. For this, we make a change of variables via [1, −a, 0, 0], to get another equation
The proof of the following proposition is nothing but Tate's algorithm. • a ≡ 1, b ≡ 1 (mod 4). In this case E has reduction type I * k for some k modulo 2, with even Tamgawa number.
• a ≡ 1, b ≡ 3 (mod 4). In this case E has reduction type I * k for some k modulo 2, with even Tamgawa number.
• a ≡ 3, b ≡ 1 (mod 4). In this case E has reduction type I * k for some k modulo 2, with even Tamgawa number. Thus, from now on, we assume a ≡ b ≡ 3 (mod 4). If m = 2 or 3, then E has reduction type III * modulo 2, with Tamgawa number 2. If m ≥ 4, then the Weierstrass equation (9) is not minimal. Since 
• Suppose that 2 ∤ ab. This means that c is always even. First assume that E has bad reduction modulo 2. Then there is no room for another prime divisor of ab. Hence we have (a, b, c) = (1, −1, 2) or (−1, 1, −2). In either case the resulting curve is '32a2' remarked above. Thus, suppose that the equation has good reduction modulo 2, i.e., ord 2 In this section we introduce a formula of Kramer [14] , and discuss how to measure the size of the Tate-Shafarevich group of elliptic curve using the formula. Of course the purpose of this section is to give a essential tool to show the Main Theorem for the cases E(Q) tors ≃ Z/2Z or Z/4Z. Thus, throughout this section, we assume E(Q) tors ≃ Z/2Z or Z/4Z, and consequently E(Q) [2] ≃ Z/2Z.
For each prime p of Q, we choose a place p of K lying above p, and let N p : E(K p ) → E(Q p ) be the norm map. We can easily check that this is well-defined, i.e., it does not depend on the choice of a prime p of K lying over p. In particular, note that when the prime p splits completely in K, then K p = Q p and the norm map is nothing but the identity map.
We use the following notations.
•
• Φ is called the everywhere-local norm group, and is defined by
• NS ′ is the image of the norm map Sel 2 (E/K) → Sel 2 (E/Q), which we do not need in this paper.
Theorem 15 ([14], Theorem 1). The dimension of X(E/K)[2] (over F 2 ) is equal to
where the sum is taken over all primes (including infinity) of Q.
Back to our case. We have assumed rank E(K) = 1 and E(Q) [2] ≃ Z/2Z. Hence by Theorem 15, dim F 2 X(E/K) [2] is greater than or equal to 1 if and only if the quantity
is greater than or equal to 4.
Local norm indices.
For general introduction and useful facts about the numbers i p , we refer §4 of [17] and §2 of [14] . We only deal with those numbers especially reduced to our situation. So K | Q is an imaginary quadratic extension with Heegner hypothesis. The proof of the following proposition can be found in §2 of [14] .
Proposition 16. Under the assumptions of this section on the imaginary quadratic field K = Q( √ d) and the elliptic curve E, the local norm indices i p for various primes p are given as follows. (a) One has i
∞ = i(C | R) = 0 if ∆ min < 0, 1 if ∆ min > 0. (
b) Let p be an odd prime. If p is a good prime for E and is ramified in K, then one has i p
where k is the residue field of Q p . Otherwise one has i p = 0. 
(c) If 2 is a good prime for E and is ramified in K, then one has i
The discriminant of the above equation (13) is given by ∆ d = 16d 6 B 2 (A 2 − 4B). Denote by P (resp. P d ) the rational torsion point of order 2 in E (resp. E d ) corresponding to (0, 0) in the equation (12) (resp. (0, 0) in the equation (13)). [2] are canonically isomorphic as Gal(Q | Q)-modules.
Proposition 17. The 2-torsion subgroups E[2] and E d

Consequently, the Galois cohomology groups H • (Q, E[2]) and H
Recall that the 2-Selmer group of E is defined as follows
and similarly for Sel 2 (E d /Q). Here, ξ p means the restriction of ξ in the local cohomology group
Since it is hard to compute the 2-Selmer groups in general, one considers φ-Selmer groups instead, where φ is the isogeny of E having kernel E(Q) [2] , thus φ is a rational isogeny of degree 2, and similarly for
Then from the long exact sequence of cohomology groups, we have 0
and
Now let us investigate the relation between the two Selmer groups Sel 2 (E/Q) and Sel φ (E/Q) as well as the relation between Sel
2 (E d /Q) and Sel
As the arguments are similar, we mainly deal only with E. We begin with some consideration about the dual isogeny of φ. Note the following facts.
• Let E 1 and E 2 be elliptic curves, and let φ be an isogeny E 1 → E 2 , then its dual isogeny E 2 → E 1 is unique.
• Letφ be the dual isogeny of φ. Thenφ is also defined over Q. Note that we have the commutative diagram (of Gal(Q | Q)-modules):
This defines the short exact sequence of Gal(Q | Q)-modules
where the first map is the canonical inclusion, and the second is the restriction of φ.
is the kernel of the product of the restriction maps
Hence we have the induced map on Selmer groups Sel φ (E/Q) → Sel 2 (E/Q) as indicated in the above diagram by the broken arrow.
From the short exact sequence (14), we have the long exact sequence of cohomology groups: [2] , and thus the map E(Q) [2] →Ê(Q)[φ] is the zero map, and this again forces us that η :
Proposition 18. There are canoncial isomorphisms H
Moreover, the isomorphisms are compatible in the sense that the following diagram is commutative:
where the vertical map in the middle is induced by the canonical isomorphism in the Proposition 17.
Proof. Clearly as Gal(Q | Q)-module, the group of second roots of unity µ 2 is isomorphic both to
, and those isomorphisms are compatible with the map
by Kummer theory, we have our desired results.
From the identification of H 1 (Q, E[φ])
with Q × /Q ×2 , we can characterize the kernel of the map
Proposition 19. The group η Ê (Q)[φ] corresponds exactly to the group generated by A
where O is the identity of E and P ∈ E(Q), and similarly
where O ′ is the identity of E ′ . We first claim that T is a rational point ofÊ. For, sinceφ is a rational isogeny, for any σ ∈ Gal(Q | Q), we have σ
(T) ∈Ê(Q)[φ], and this forces us to conclude that σ(T) = T, as we cannot have
is the zero map, we assume the point Q is mapped onto T under
However, this 1-cocycle corresponds to the 1-cocycle
where b = A 2 − 4B, since in the Weierstrass equation (12), Q corresponds to the point
and thus σ(Q) = Q if and only if σ
Now we state a proposition which gives us a key to access the everywhere-local norm group.
Proposition 20 ([14], Proposition 7). The everywhere-local norm group Φ is the intersection of Sel 2 (E/Q)
, where E d is the quadratic twist of E by d.
A conjecture of Stein and Watkins and the Manin constant
In this section, we consider a tool to compute Manin constant. We will first review basic definitions and relevant facts about the constant. For positive integers N, let X 0 (N) (resp. X 1 (N)) be the usual modular curve defined over Q with respect to congruence subgroups Γ 0 (N) (resp. Γ 1 (N)). An elliptic curve over Q of conductor N is called modular if there is a nonconstant morphism π : X 0 (N) → E of algebraic curves over Q sending the 0-cusp to the origin of E. In particular, the pullback π * ω of the Néron differential ω of E is a nonzero rational multiple of ω f = 2πi f (τ)dτ, where f is the newform of weight 2 associated to the curve E, i.e.,
We can choose π so that π has minimal degree among such parametrisations. (mod 4) and q = p + 16 and with both |p| and |q| being prime powers, at least one of them being a power of a prime which is congruent to 3 modulo 4.
The case (a) in the conjecture was proved by Stein-Watkins themselves in [25] . In the original paper [24] , Stein and Watkins conjecturally presented some other families in which optimal curves differ by p-isogenies for p = 3, 5, which was proved under certain modifications on the original conjecture, by the authors of the current paper. See [2] and [3] .
Let C be an isogeny class of rational elliptic curves of conductor N, in which two optimal curves actually differ by a 2-isogeny. Let E i be the optimal curves for X i (N) for i = 0, 1. One of the characteristic property for E i being the optimal curve for X i (N) is that E i is the unique elliptic curve contained in the modular jacobian J i (N) = Jac(X i (N)) for i = 0, 1. The kernel of the canonical map J 0 (N) → J 1 (N) is called the Shimura subgroup of J 0 (N). Since the Shimura subgroup is of multiplicative type, there is an isogeny E 1 → E 0 with kernel equal to a constant group scheme, hence an étale group scheme.
Let θ : E → E ′ be an isogeny of prime degree ℓ, and let θ ′ be its dual. As θ ′ • θ = [ℓ], the multiplication-by-ℓ map, θ * ω ′ = n θ ω, where ω (resp. ω ′ ) denotes the Néron differential of the curve E (resp. E ′ ), with n θ = 1 or ℓ, up to sign. In particular, θ is étale if and only if n θ = 1, or equivalently n θ ′ = ℓ. Furthermore, if the curve E ′ is the optimal curve for X 0 (N) in its isogeny class with the optimal parametrisation π : X 0 (N) → E ′ , then the composition θ ′ • π is obviously a minimal parametrisation of E, and thus the Manin constant of E is equal to the product of the Manin constant of E ′ (which is conjecturally 1) and ℓ. This kind of argument will be used for dealing some exceptional families in the subsequent sections §6 and §7.
Proof for the case E(Q) tors ≃ Z/4Z
Let K = Q( √ d) be an imaginary quadratic field satisfying Heegner condition with respect to the curve E. Our goal in this section is of course to prove the following theorem. If m = 2z with z ∈ Z >0 , then we can transform the equation (17) into the following form
Theorem 22. If E is an elliptic curve defined over Q, having rational torsion subgroup E(Q) tors isomorphic to Z/4Z, then the order
Note that this equation has discriminant
If p is an odd prime, then Tate's algorithm says that the reduction is of type I 2z with even Tamagawa number. Suppose p = 2. Using Tate's algorithm, we compute reduction types and Tamagawa numbers of E. For most cases E has bad reduction modulo 2 having even Tamagawa number, whereas when z = 4 and u ≡ 3 (mod 4), the curve E has good reduction modulo 2.
Note that odd prime divisors occur in the factor of β + 16. Surely, then nontrivial Tamagawa number can occur at those primes. Suppose that p is an odd prime dividing β + 16. We first transform the equation (17) With consideration in this subsection at hand, we only need to consider the cases when β has at most one odd prime divisors. Moreover, we assume in the sequel that the odd prime divisors of β + 16 have odd exponents. 6.2. Case 1: β = ±2 m p m ′ . We first assume that m ′ = 2z ′ for some z ′ ∈ Z >0 , since otherwise the Tamagawa number of E at p is 4. Furthermore, it is also safe to assume E has good reduction modulo 2. Thus, we assume m = 8 and, as p m ′ = p 2z ′ ≡ 1 (mod 4), we only need to deal with the case that β = −2 8 p 2z ′ for odd z ′ . The Weierstrass equation then becomes:
We first make a change of variables via [p z ′ 2 4 , 0, 0, 0] to obtain:
and again via
The final equation has discriminant ∆ = 2 12 p 2z
Since E has reduction of type I ord ℓ ∆ min modulo a prime ℓ = p dividing ∆ min , we assume ord ℓ ∆ min is odd. Following [9] , we compute the Selmer group Sel φ (E/Q) = ℓ Im δ ℓ ⊂ Q × /Q ×2 . Local images are given as follows.
• Im δ ∞ = {1}.
Here is a remark on the odd primes dividing ∆. As ∆ = 2 12 p 2z ′ 4p z ′ + 1 4p z ′ − 1 , there are at least one odd prime not equal to p dividing each 4p z ′ + 1 and 4p z ′ − 1 . Note also that we cannot have an odd prime dividing both 4p z ′ + 1 and 4p z ′ − 1 , for if so, then the prime would also divide 4p z ′ + 1 − 4p z ′ − 1 = 2, a contradiction. Hence there are at least three odd primes (p, one dividing 4p z ′ + 1 , and another dividing 4p z ′ − 1 ) dividing ∆.
Let d be a negative, squarefree integer. We now compute the sum of local norm indices ∑ i ℓ . Note that i ∞ = 1. After excluding obvious cases giving ∑ i ℓ ≥ 4, it remains the following four cases: d = −2; d = −q for an odd prime q; d = −2q for an odd prime q; and d = −qq ′ for odd primes q, q ′ .
Suppose
are given as follows.
As the images of p and the images of a prime dividing, say, 4p z ′ + 1 must go to distinct nontrivial element in H 1 (Q, E [2] ) and in H 1 (Q, E d [2] ), they define distinct elements in the Selmer group Sel 2 (E/Q) and Sel 2 (E d /Q). Thus there are at least two non-trivial elements in Φ, whence dim
Suppose that d = −q for some odd prime q.
we have i 2 = 1. Thus, without loss of generality we assume i q = 1 also. This is equivalent to the condition that the right hand side of the Weierstrass equation (23) does not split completely in F q . Thus we assume
Taking the sum, we have ∑ i ℓ = 3. Now let us compute the Selmer group Sel
Suppose that q ∤ 64p 2z ′ − 2 . In this case distinct odd primes ℓ dividing ∆ must define distinct elements in Φ, whence dim F 2 Φ ≥ 1. Suppose then q | 64p 2z ′ − 2 . In this case as an element of 
Thus the image of any odd prime ℓ | ∆ is contained in Φ, and is not trivial since there are at least 3 odd primes dividing ∆, we have dim F 2 Φ ≥ 2, regardless of the local image Im δ q above. Therefore
• 
, then surely we have ∑ ℓ i ℓ ≥ 4. Hence, we must assume the other, i.e., 2 is unramified, which means that d ≡ 1 (mod 4). Without loss of generality, we then assume q ≡ 1 (mod 4) and q ′ ≡ 3 (mod 4). Moreover, we further assume
as follows.
ℓ for odd prime ℓ | ∆, and ℓ = p.
Here are some remarks on the odd primes dividing ∆. Since p 2z ′ + 16 is a sum of two squares, so by the famous theorem on the sums of two squares, if ℓ ≡ 3 (mod 4) divides p 2z ′ + 16 , then ord ℓ p 2z ′ + 16 must be even. However, we assumed that the exponent ord ℓ p 2z ′ + 16 is always odd (or zero). Hence we assume that any prime divisor ℓ of p 2z ′ + 16 must satisfy ℓ ≡ 1 (mod 4).
Let d be a negative, squarefree integer. We now compute the sum of local norm indices ∑ i ℓ . Note that i ∞ = 1. After excluding obvious cases giving ∑ i ℓ ≥ 4, we have the following four cases:
• d = −2;
• d = −q for an odd prime q;
• d = −2q for an odd prime q;
Local images are given as follows. • 
ℓ for any odd prime ℓ | ∆, and ℓ = p.
• Im δ 2 = {1, 5}.
Note that for any odd prime ℓ | ∆, we have 1
, then the image of p is contained in Φ and is non-trivial. Even if p ≡ 3 (mod 4), if there are at least two odd prime divisors of ∆ min apart from p, then we also have dim F 2 Φ ≥ 1.
follows.
ℓ for any odd prime ℓ | ∆ and ℓ = p.
Note that for any odd primes ℓ dividing ∆, we get
and thus we have either Let E ′ be the unique curve isogenous to E via an isogeny of degree 2, i.e., if we let P be the rational torsion point of exact order 2 contained in E(Q), then E ′ := E/ P .
Proposition 23. The canonical isogeny E → E ′ is étale.
Proof. This follows from Cremona-Watkins [7] , §3.1.
Since our family corresponds to the family (c) in Stein-Watkins conjecture (Conjecture 21), it follows that E has Manin constant 2.
6.4. Case 3: β = −p m ′ . Now suppose that β = −p 2z ′ with z ′ ∈ Z >0 . We begin with the equation (17):
By a change of variables via [(1/2)p z ′ , 0, 0, 0], we get
Making another change of variables via [1, −4, p z ′ , 0], we get
The last equation has discriminant ∆ = 2 12 (p 2z ′ − 16)p 2z ′ and c 4 = 16p 4 ′ z − 256p 2z ′ + 256. Since ∆ < 0 if and only if p = 3 and z ′ = 1, and in this case E is the curve '21a4', having Tamagawa number 2 and Manin constant 2. So in the sequel, we assume ∆ > 0 always. Note that the minimal discriminant of E is given by ∆ min = (p 2z ′ − 16)p 2z ; in particular, E has good reduction modulo 2. Following [9] , we compute the Selmer group Sel φ (E/Q).
Here are some remarks on the odd primes dividing ∆. As
if p z ′ − 4 = ±1, there are at least two odd primes other than p dividing ∆. If p z ′ − 4 = 1, then we have p = 5 and z ′ = 1, which yield the curve '15a3', having C 3 = C 5 = 2. Similarly, if p z ′ − 4 = −1, then E is the curve '21a4' having C 3 = 2, C 7 = 1, and M = 2. So we exclude these curves from our consideration and assume that there are at least one odd prime dividing each of p z ′ − 4 and
Let d be a negative, square-free integer. We now compute the sum of local norm indices ∑ i ℓ . Note that i ∞ = 1. After excluding obvious cases giving ∑ i ℓ ≥ 4, we have the following four cases:
• d = −2q for an odd prime q; •
• Im δ 2 = {1, −2}. 
Now assume that d = −q with a prime q ≡ 3 (mod 4), then d ≡ 1 (mod 4). In this case the prime 2 is unramified in K. So we have i 2 = 0. Let us consider the Selmer group Sel
Note that for any odd prime ℓ | ∆, we have 1 
and thus we have either (17) has the following form.
We use Tate's algorithm in order to compute Tamagawa numbers.
• Suppose first that z = 1. Then E has reduction of type III modulo 2, having Tamagawa number C 2 = 2. In fact, in this case E is the curve '40a3' having C 2 = 2, C 5 = 1, and M = 2.
• Suppose that z = 2. Then E has reduction of type I * 0 modulo 2, having Tamagawa number C 2 = 2. In fact, in this case E is the curve '32a4' having C 2 = 2 and M = 2.
• If z ≥ 3, then E has reduction of type I * n modulo 2 for some n ∈ Z >0 . In this case we always have C 2 = 4. 6.6. Case 5: β = −2 m . If m is odd, then the curve E has Tamagawa number 4 at the prime 2. So we assume m = 2z for some z ∈ Z >0 . Then the Weierstrass equation (17) has the following form.
We first analyse the curves through Tate's algorithm.
• If z = 1, then E has reduction of type III modulo 2, having Tamagawa number C 2 = 2. In fact, E is the curve '24a4', having C 2 = 2, C 3 = 1, and M = 2.
• If z = 2, then the discriminant vanishes and E is not an elliptic curve any more.
• If z = 3, then E has reduction of type III * modulo 2 having C 2 = 2. In this case E is the curve '24a3' having C 2 = 2, C 3 = 1, and M = 1.
• If z = 4, then E is the curve '15a7', having C 3 = C 5 = 1 and M = 2.
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• If z ≥ 5, then E has reduction of type I n with n = ord 2 2 −12 ∆ = 2z − 8, and C 2 = n. So for this case, we only need to deal with the cases having odd z.
6.6.1. When z = 3. In this case we take the Weierstrass equation of the following form.
(33)
Note that this equation has discriminant ∆ = 2 10 · 3 and this is the minimal discriminant for E. Consider the Selmer group Sel φ (E/Q) following [9] .
So we have Sel φ (E/Q) ≃ {1, 2, 3, 6} ⊂ Q × /Q ×2 . Now we consider the local norm indices. Ignoring trivial cases when ∑ i ℓ ≥ 4, and considering Heegner hypothesis, we have to consider the following cases.
• d = −q for an odd prime q ≡ 3 (mod 4); 
, it is necessary and sufficient that d ≡ 1 (mod 8), i.e., q ≡ −1 (mod 8). Now consider the local images for the Selmer group Sel
• q ′ = −1. Now consider the local images for the Selmer group Sel
Hence the image of 2 is contained in Φ non-trivially, whence ∑ i ℓ + dim F 2 Φ ≥ 4. 6.6.2. When z = 4. In this case we take the Weierstrass equation of the following form.
Note that this equation has discriminant ∆ = 2 12 · 3 · 5 and E has minimal discriminant ∆ min = 3 · 5. In fact, this curve '15a7'. Consider the Selmer group Sel φ (E/Q) following [9] .
. So we have Sel
φ (E/Q) ≃ {1, 3, 5, 15}.
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Now we consider the local norm indices. Ignoring trivial cases when ∑ i ℓ ≥ 4, we have to consider the following cases.
• d = −qq ′ for odd primes q and q ′ .
By adopting Heegner condition, we discard the case d = −2 since −2 5 = −1.
Suppose that d = −q. First assume that q ≡ 1 (mod 4), i.e., d ≡ 3 (mod 4). Note that in particular q = 31. In this case the prime 2 is ramified in K, so we have nonzero i 2 . As (∆ min , d) Q 2 = (15, −q) Q 2 = −1, we have i 2 = 1. Then it is safe to assume 15 q = −1, i.e., i q = 1. Now consider the local images for the Selmer group Sel
Hence the image of 3 is contained in Φ non-trivially.
Suppose 
Suppose that d = −2q. As always, we have i ∞ = 1. As (∆ min , d) Q 2 = (15, −2q) Q 2 , for i 2 = 2 it is necessary and sufficient that q ≡ −1 or −5 (mod 8), i.e., q ≡ 3 (mod 4). Since i q ≥ 1, it is safe to assume q ≡ 1 (mod 4), i.e., i 2 = 1. In particular, q = 31. We also assume 15 q = −1 so that i q = 1.
Now consider the local images for the Selmer group Sel
Hence the image of 3 in Φ is nontrivial.
Suppose that d = −qq ′ . If the prime 2 is ramified in K, then ∑ i ℓ ≥ 4. So we assume 2 is unramified in K, i.e., d ≡ 1 (mod 4). Then, without loss of generality, it is fine to assume q ≡ 1 (mod 4) and q ′ ≡ 3 (mod 4). Moreover, it is also safe to assume i q = i q ′ = 1, whence 15 q = 15 q ′ = −1. Now consider the local images for the Selmer group Sel
Hence the image of 3 is contained in Φ non-trivially, whence dim F 2 Φ ≥ 1. 6.6.3. When z ≥ 5 is odd. In this case we take the Weierstrass equation of the following form.
Note that this equation has discriminant ∆ = 2 2z (2 z + 4) (2 z − 4) > 0 and E has minimal discriminant ∆ min = 2 −12 ∆ = 2 2z−12 (2 z + 4) (2 z − 4). In particular the prime 2 is always bad for E. By the consideration on the primes dividing β + 16, we assume that all of them have odd exponents. Note that
. For convenience, we let A := 2 2z−2 − 2. Also, we remark here that there is at least one odd prime dividing each of (2 z − 4) and (2 z + 4).
Consider the Selmer group Sel φ (E/Q) following [9] .
So we have Sel φ (E/Q) ≃ 2, p : for any odd primes p dividing ∆ . Now we consider the local norm indices. Ignoring trivial cases when ∑ i ℓ ≥ 4, and considering Heegner hypothesis, we have to consider the following cases.
• d = −q for an odd prime q ≡ 3 (mod 4);
• d = −qq ′ for odd primes q ≡ 1 (mod 4) and q ′ ≡ 3 (mod 4). Suppose that d = −q with q ≡ 3 (mod 4), i.e., d ≡ 1 (mod 4). Note that i ∞ = 1 and i q ≥ 1. By Heegner hypothesis, we have −q p = p q = 1 for every odd prime p dividing ∆ and q ≡ −1 (mod 8). Now consider the local images for the Selmer group Sel
Hence the image of a fixed odd prime p dividing ∆ is contained in Φ non-trivially.
Suppose that d = −qq ′ with q ≡ 1 (mod 4) and q ′ ≡ 3 (mod 4). Moreover, it is also safe to assume
. Now consider the local images for the Selmer group
If there is an odd prime p | ∆ such that p q = 1, then the image of p in Φ is non-trivial, since ∆ has more than or equal to 2 odd prime divisors. Suppose that p q = −1 for all odd prime divisor p of ∆. In this case ∆ must have ≥ 3 odd prime divisors, and thus if we pick two p and p ′ , the image of pp ′ is contained in Φ and is non-trivial. In any case 
Proof for the case E(Q) tors ≃ Z/2Z
We prove in this section the following theorem. For such elliptic curves, we can find a Weierstrass model following Kubert [15] :
Theorem 24. If E is an elliptic curve defined over Q, having rational torsion subgroup E(Q) tors isomorphic to Z/2Z, then the order
where A, B ∈ Z. (Here, same as in the previous section, originally Kubert considered A, B ∈ Q, but we can easily make a change of variables.) Note that A and B are not necessarily relatively prime. This elliptic curve has discriminant ∆ = 16B 2 (A 2 − 4B) and c 4 = 16(A 2 − 3B). Let N be the conductor of E, and ∆ min be the minimal discriminant of E.
7.1. Tamagawa consideration. The purpose of this subsection is to compute Tamagawa numbers of E at various primes, in order to reduce the cases. Remaining cases will be dealt with in the subsequent subsections. More precisely, we show the following.
Proposition 25.
We may assume that our elliptic curve E is given by a Weierstrass equation
with A, B ∈ Z, gcd(A, B) = 1, and B ∈ {1, −1, 16 • when B = −1, we assume A ≡ 0 (mod 4);
• when B = ±16, we assume A ≡ 1 (mod 4).
When there is a prime dividing both A and B.
In this paragraph, we consider local informations about E at primes p dividing both A and B, i.e., when ord p A, ord p B > 0. For this purpose, we may assume that either ord p A < 2 or ord p B < 4, since otherwise we may make a change of variables via [p, 0, 0, 0] (several times if necessary) to get another equation of the form (36) with value-reduced discriminant.
When ord p B = 1, Tate's algorithm tells us that E has reduction of type III with Tamagawa number 2. Similarly, if ord p B = 2 then E has reduction of type I * n for some n with even Tamagawa number. When ord p B = 3, we have two possibilities (a) if ord p A = 1, then E also has reduction of type I * n for some n with even Tamagawa number; (b) if ord p A ≥ 2, then E has reduction of type III * for some n with Tamagawa number 2. When ord p B ≥ 4, then we may always assume ord p A = 1. However, also in this case, E has reduction of type I * n for some n with even Tamagawa number. In summary, we may assume there is no common prime dividing both A and B.
Primes dividing B but not A.
Let p be a prime such that p | B but p ∤ A. We use Tate's algorithm to compute the Tamagawa number of E at p. If p is an odd prime, then E has reduction of type I n with n = ord p (∆) = 2 ord p b. Hence E has even Tamagawa number.
So suppose that p = 2, and still assume ord 2 B > 0 and ord 2 A = 0. If ord 2 B = 1, then E has reduction of type III with Tamagawa 2. Suppose that ord 2 B ≥ 2. If either A ≡ −1 (mod 4) or ord 2 B = 2 or both, then the reduction is of type I * n for some n with even Tamagawa number. Hence we assume A ≡ 1 (mod 4) and ord 2 B ≥ 3. Under this assumption, if ord 2 B = 3 then E has reduction of type III * with even Tamagawa. Otherwise, the original Weierstrass equation (36) is not minimal. Now suppose that ord 2 B ≥ 4 and A ≡ 1 (mod 4). Since ord 2 c 4 = 4, if we make a change of variables via constants [2, 0, 1, 0] then we get a minimal Weierstrass equation
with discriminant ∆ min = 2 −8 B 2 (A 2 − 4B) and c 4 = A 2 − 3B. Now if ord 2 B = 4 then E has good reduction modulo 2. If ord 2 B ≥ 5, then E has reduction of type I n with n = ord 2 ∆ min = 2 ord 2 B − 8.
In particular, Tamagawa number at 2 in this case is even. In summary, we may assume that (a) there are no odd prime dividing B, and that (b) if 2 | B, then ord 2 A = 1 and ord 2 B = 4. Hence, we assume B is equal to either one of the following: +1, −1, +16, or −16.
7.1.3. Primes dividing A 2 − 4B. We first assume here that an odd prime p divides A 2 − 4B. If p divides either A or B, then p must divide the other, and those cases are considered in the preceding paragraph. So assume here that p ∤ AB. Since then ord p c 4 = ord p (16(A 2 − 3B)) = 0, the equation (36) is already minimal at p and E has multiplicative reduction with even Tamagawa number whenever ord p (A 2 − 4B) is even, whence we assume in the sequel that in the prime decomposition of A 2 − 4B, each odd prime divisor has an odd exponent. Now suppose that 2 divides A 2 − 4B. Then A is also divisible by 2. As we have already dealt with the cases gcd(A, B) > 1, we assume 2 ∤ B, and this forces us that B = ±1. In this case, we make another change of variables via [1, 1, 1, 0] to get
Suppose first that B = 1, and ord 2 A > 1. Then E has reduction of type II with Tamagawa number 1. If ord 2 A = 1, then C 2 is even except for the following cases: A ≡ 10 (mod 16), A ≡ 30 (mod 32), A ≡ 62 (mod 128) (in this case we have moreover that E has good reduction modulo 2). This can be checked also via Tate's algorithm. Now suppose that B = −1. If ord 2 A = 1, then E has reduction of type II with Tamagawa number 1. Else if 4 | A, then E has reduction of type III with Tamagawa number 2. 
Suppose first that B = 1. If A ≡ 1 (mod 4), then E has reduction of type II with Tamagawa number 1. If A ≡ 3 (mod 4), then E has reduction of type III with Tamagawa number 2. When B = −1, the reduction type is given as follows. If A ≡ 3 (mod 4) then E has reduction of type II with Tamagawa number 1, and else if A ≡ 1 (mod 4), then E has reduction of type IV with Tamagawa number 1 or 3.
Considering all of the paragraphs, we have Proposition 25.
Remark. Before closing, we furthermore assume ∆ > 0, by removing finitely many exceptional cases by explicit computation. As ∆ = 16B 2 (A 2 − 4B), we need to check the cases (A, B) = (0, 1), (±1, 1) and (±n, 16) for n = 0, 1, · · · , 7. This is easy with Sage Mathematics Software [26] .
7.2. Case 1: B = 1. Our elliptic curve E is given by (39)
. This is minimal except possibly at 2. E has good reduction modulo 2 if and only if A ≡ 62 (mod 128). The minimal discriminant of E is given by
7.2.1. E has good reduction modulo 2, i.e., A ≡ 62 (mod 128). In this case, the minimal discriminant of E is given by ∆ min = 2 −8 (A 2 − 4). In order to clarify the group Sel φ (E/Q), we look at local images as follows.
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Considering the factorisation A 2 − 4 = (A − 2)(A + 2), we always choose at least two distinct odd primes dividing A 2 − 4, except for the curve '17a3', in which case M = 2. Excluding this, in the sequel, we assume ν ′ (A 2 − 4) ≥ 2.
• •
• • This curve is concerned in subsubsection 6.6.2. Thus, ν ′ (2k + 1) ≥ 1. Similarly, we always have ν ′ (32k + 15) ≥ 1. Suppose ν ′ (2k + 1) = ν ′ (32k + 1) = 1. Considering Heegner hypothesis, then we must have 32k + 15 = −p a for some prime p ≡ 1 (mod 8) and odd a. Then, as k ≡ 0 (mod 4) and k < 0, the unique prime dividing 2k + 1 must be congruent to −1 modulo 8, a contradiction to Heegner hypothesis. Hence, we always have ν ′ (∆ min ) ≥ 3, and if we choose two of them, say, p 1 and p 2 , then each image in Φ is non-trivial, i.e., 
In this case Im δ 2 = {1, 2, −5, 10}. However, by Heegner condition, any odd prime p dividing ∆ must have p ≡ 1 or −5 (mod 8). As ν ′ (2k + 1) ≥ 1 and ν ′ (32k + 15) ≥ 1 except when k = −1, we are done in those cases. When k = −1, the curve E is '17a3', having M = 2. Suppose that d = −q with q ≡ 1 (mod 4), i.e., d ≡ 3 (mod 4). In this case the prime 2 is ramified in K. •
Suppose that q ≡ 3 (mod 4), i.e., d = −q ≡ 1 (mod 4). In this case the prime 2 in Q is unramified in K. We have i ∞ = 1 and i 2 = 0 (cf. proposition ??). Local images for the Selmer group Sel φ d (E d /Q) are given as follows.
• Im δ q = {1, qu} if q ∤ A and
By Heegner hypothesis, for each odd prime for some k ∈ Z, then ∆ min = 2(32k + 31)(k + 1). So the condition "ord 2 2 −8 A 2 − 4 is odd" can be translated into "ord 2 (k + 1) being even". If ν ′ (∆) = 0, then as A 2 − 4 = 2 9 (32k + 31)(k + 1), we have ν ′ (32k + 31) = ν ′ (k + 1) = 0, but this is impossible since k = −1. This forces that ν ′ (∆) ≥ 1. By the Heegner condition, d must be congruent to 1 modulo 8, since 2 splits completely in K, [2] ≥ 1 by the Kramer's formula, we must have either d = −q with q ≡ −1 (mod 8) or d = −qq ′ with q ≡ 1 (mod 4) and q ′ ≡ 3 (mod 4). We now compute the Selmer group Sel φ (E/Q). From [9] , the local images are given as follows.
, we have the following local images.
, then the image of 2 must be in Φ, and is non-trivial. If 2
and there is a unique odd prime p | ∆, i.e., ν ′ (∆) = 1, then by the condition A 2 − 4 q = −1, p is a quadratic residue modulo q, and thus the image of p is contained in Φ and is non-trivial. If ν ′ (∆) ≥ 2, then there always is a prime p | ∆ such that either p or 2p is a quadratic residue modulo q. In any cases, we always have
7.2.3. E has bad reduction modulo 2, the remaining cases. As noted above, the remaining cases are again subdivided into the following cases:
• A ≡ 10, 26, 30, 42, 58 (mod 64). The minimal discriminant of E/Q is given by ∆ min = 2 4 (A 2 − 4). In this case the prime 2 is always bad. So by the Heegner condition, d must be congruent to 1 modulo 8. This implies that i 2 = 0. As we noted i ∞ = 1, we must have either d = −q with q ≡ −1 (mod 8) or d = −qq ′ with q ≡ 1 (mod 4) and q ′ ≡ 3 (mod 4). Note also that by considering factorisations of A 2 − 4 for the various cases, we can conclude that ν ′ (∆) ≥ 1, except for A = −6. However, when A = −6, the curve E is '32a3', having M = 2, so we can safely exclude this curve. Moreover, when A ≡ 1 (mod 4) and ν ′ (∆) = 1, then under the condition ∆ > 0, A must be −3 or ±4. This corresponds to the curve '80a2', having M = 2. So whenever we deal with the case A ≡ 1 (mod 4), we further assume ν ′ (∆) ≥ 2.
We now compute the Selmer group Sel φ (E/Q). From [9] , note the following local images.
if A is even. •
We only need to consider the cases when
if A is even.
If A ≡ 1 (mod 4), then we have ν ′ (∆) ≥ 2. By the condition A 2 − 4 q = −1, we can choose a representative x ∈ Z which is either an odd prime dividing ∆ or a product of two primes dividing ∆, such that x is a quadratic residue modulo q. If A ≡ 0 (mod 4), then we have ν ′ (∆) ≥ 2 except for the cases A = ±4. If ν ′ (∆) ≥ 2, then we choose x to be either 2 or 2p with an odd prime p | ∆ such that x is a quadratic residue modulo q. This is always possible by the condition
then we do not have q | A. This means that we do not need to consider whether x is a quadratic residue or not. In this case just take x = 2. If A is one of remaining cases, we take x to be a prime p | ∆, such that p is a quadratic residue modulo q. This is always possible since A 2 − 4 is a quadratic non-residue modulo q. Now, in any cases, the image of x is contained in Φ and is non-trivial. Thus
7.3. Case 2: B = −1. Our elliptic curve E is given by
such that A ≡ 1, 2, 3 (mod 4). In any cases, the minimal discriminant of the curve becomes ∆ min = ∆ = 2 4 (A 2 + 4). In particular, the prime 2 is always a bad one. From the condition that S is odd and S = 1, one can find that either A = 2 or B = 2 (and not both). If A = 2, we have T = 5S ± 4. Substituting this into (T − 3S)(T + 3S), we can find an odd prime r | (S ± 2)(2S ± 1) (in fact, r | u and r = p) at which E has bad reduction y 2 + a 1 xy = x 3 + a 2 x 2 . Note that if (S ± 2)(2S ± 1) is a power of 3, then we must have S = 1, 2 or 5. As the cases S = 1 or 2 are dealt in the above paragraphs, we can choose r = 3 if S = 5. Moreover, if S = 5 and T = 5S − 4, then ord 3 ∆ < 12, so ∆ is also minimal at r = 3. By applying Lemma 28 for the point [3]P = (uv, uv 2 ) of order 2, we have 2 | C r . So 12 | C. If B = 2, we have T = S ± 4. There is a prime r | (S ∓ 2)(S ± 1) (in fact, r | u and r ∤ 3p) at which E has bad reduction with reduced equation y 2 + a 1 xy = x 3 + a 2 x 2 . By applying Lemma 28 for the point [3]P = (uv, uv 2 ) of order 2, we have 2 | C r . So 12 | C.
Proof for the case E(Q) tors ≃ Z/3Z
In this section, we prove the Main Theorem for the cases when E(Q) tors is isomorphic to Z/3Z. More precisely, we have the following theorem. 9.1. Preliminaries. For a positive integer N, let X 1 (N) = H * /Γ 1 (N) and X 0 (N) = H * /Γ 0 (N) denote the usual modular curves. We regard them as rational curves defined over Q. Let C denote an isogeny class of elliptic curves defined over Q of conductor N. For i = 0, 1, there is a unique curve E i ∈ C and a parametrisation φ i : X i (N) → E i such that for any E ∈ C and parametrisation φ ′ i : X i (N) → E, there is an isogeny π i : E i → E such that π i • φ i = φ ′ i . For i = 0, 1, the curve E i is called the X i (N)-optimal curve.
In [2] , the first and the third authors proved the following theorem, which was conjectured by Stein and Watkins [24] .
Theorem 31 ([2] , Theorem 1.1). For i = 0, 1, let E i be the X i (N)-optimal curve of an isogeny class C of elliptic curves defined over Q of conductor N. If there is an elliptic curve E ∈ C given by y 2 + axy + y = x 3 with discriminant ∆ = a 3 − 27 = (a − 3)(a 2 + 3a + 9), where a is an integer such that no prime factors of a − 3 are congruent to 1 modulo 6 and a 2 + 3a + 9 is a power of a prime number, then E 0 and E 1 differ by a 3-isogeny, which means that there is an isogeny π : E 0 → E 1 with 3 | deg(π).
Let C be an isogeny class of elliptic curves defined over Q. For any E ∈ C, we let E Z be the Néron model over Z and ω be a Néron differential on E. Let π : E → E ′ be an isogeny. We say that π is étale if the extension E Z → E ′ Z to Néron models is étale. If π : E → E ′ is an isogeny over Q, then we have π * (ω ′ ) = nω for some non-zero integer n = n π , where ω ′ is a Néron differential on E ′ . The isogeny π is étale if and only if n π = ±1. If π : E → E is the multiplication by an integer m, then π * (ω ′ ) = mω. Thus if π is any isogeny of degree p for a prime number p, we must have n π = 1 or n π = p. Ifπ denotes the dual isogeny, thenπ • π = [p] is the multiplication by p. So precisely one of π andπ is étale.
In [27] , Stevens proved that in every isogeny class C of elliptic curves defined over Q, there exists a unique curve E min ∈ C such that for every E ∈ C, there is an étale isogeny π : E min → E. The curve E min is called the minimal curve in C. Stevens conjectured that E min = E 1 and recently Vatsal proved the following theorem.
Theorem 32 ([28] , Theorem 1.10). Suppose that the isogeny class C consists of semi-stable curves. The étale isogeny π : E min → E 1 has degree a power of two.
9.1.1. Hadano's Theorem. Let E be an elliptic curve defined over Q with a rational torsion point of order 3. As a minimal model for E, we can take 
where ν runs through the infinite places, and q runs through the finite places. with a, b ∈ Z and b > 0 such that there is no prime q satisfying both q | a and q 3 | b. The minimal discriminant of E is just the discriminant of the above equation, and is given by ∆ = b 3 (a 3 − 27b). Let P = (0, 0) be a torsion point of E(Q) of order 3. Recall some notations. Denote by C the rational isogeny class of the curve E, and let E min , E 0 , and E 1 be the étale minimal curve, the X 1 (N)-optimal curve, and the X 0 (N)-optimal curve in the isogeny class C, respectively. If b = 1, then there is a prime p | b and by Lemma 28, we have 3 | C p . So in the sequel, we assume b = 1. As 1 is a cube, we use Hadano's theorem (Theorem 33) to obtain a chain of isogenies of degree 3 as follows:
for some curves E ′ and E ′′ . Each isogeny in the above chain is étale because its kernel is extended to étale group scheme isomorphic to Z/3Z. In fact, each kernel of the isogenies E → E ′ and E ′ → E ′′ consists of Q-rational points of order 3. It follows from [12] , Proof of Theorem 2, such a chain in the isogeny class of E must have length at most 4. However, we can readily check that if there is a chain of exact length 4, then it must be identical to the following chain:
and in this case we can check that 3 | M.
The above curve E is the étale minimal curve E min in C, ignoring other curves isogenous to E with isogenies of degree prime to 3. Note that from the fact that the Shimura subgroup is of multiplicative type, there is an étale isogeny E 1 → E 0 . For details, we refer [28] , Remark 1.8. If this isogeny is not trivial, then by étale minimality we have an étale isogeny E → E 0 of degree divisible by 3. This implies immediately that E has Manin constant M divisible by 3. So we assume here and thereafter that E 0 = E 1 = E min = E. Thus, by (the contraposition of) Theorem 31, either there are at least two distinct primes dividing a 2 + 3a + 9 or there is a prime p such that p | a − 3 and p ≡ 1 (mod 3). So in order to prove Theorem 30, it suffices to prove the following proposition. [3] 
